We give criteria for the existence of bifurcations of symmetric periodic orbits in reversible Hamiltonian systems in terms of local equivariant Lagrangian Rabinowitz Floer homology. As an example, we consider the family of the direct circular orbits in the rotating Kepler problem and observe bifurcations of torus-type orbits. Our setup is motivated by numerical work of Hénon on Hill's lunar problem.
Introduction
The study of periodic orbits gives crucial insight into dynamical systems as Poincaré regarded them as the "skeleton" of dynamical systems. An interesting behavior of periodic orbits can occur when periodic orbits appear in one-parameter families. Namely, under certain circumstances, the family of periodic orbits loses their stability and gives birth to new periodic orbits as the parameter varies. Such a phenomenon is called bifurcation. Specifically, we are interested in bifurcations of symmetric periodic orbits in reversible Hamiltonian systems, inspired by Hénon's numerical work on Hill's lunar problem.
In 1878, Hill gave a new formulation of the lunar theory that he obtained from the planar circular restricted three-body problem [20] : Since the Sun is much heavier than the Earth and the Moon, and since the distance between Sun and Earth is much bigger than that between Earth and Moon, we may blow up coordinates near the Earth in the planar circular restricted three-body problem and obtain the Hamiltonian of Hill's lunar problem F :
For more details on Hill's lunar problem, we refer the reader to the recent book [16, Section 5.8 ].
An interesting feature of this problem is that F admits the two commuting antisymplectic involutions ρ 1 (q 1 , q 2 , p 1 , p 2 ) = (q 1 , −q 2 , −p 1 , p 2 ), ρ 2 (q 1 , q 2 , p 1 , p 2 ) = (−q 1 , q 2 , p 1 , −p 2 ).
In [19] , by a numerical exploration Hénon has found the family "g" of periodic orbits symmetric with respect to both involutions, whose parameter is given by the energy F = c. This family converges to the direct circular orbit as c → −∞. Increasing the energy value from a very negative one, one finds an energy value c = c * , which is close to the unique critical value of F and at which the family g becomes degenerate. At the moment c = c * , a pitchfork bifurcation happens, that is, two families of (elliptic) periodic orbits bifurcate. Hénon observed that the two families are ρ 1 -symmetric, but not ρ 2 -symmetric, and that they are related by the ρ 2 -symmetry. This is the so-called symmetry-breaking.
Bifurcations of symmetric periodic orbits have been studied using different techniques, see for example [11, 12, 14, 25, 29, 30, 31] . In [13] , Deng and Xia study bifurcations by looking at generating functions of Hamiltonian diffeomorphisms whose critical points correspond to periodic orbits.
The purpose of the present paper is to prove criteria for the occurrence of bifurcations of symmetric periodic orbits in reversible Hamiltonian systems using Floer theory. While finding periodic orbits and chords of Hamiltonian systems and Reeb flows by Floer theory is a traditional topic, using Floer homology for the study of bifurcations is a fresh approach. We use local equivariant Lagrangian Rabinowitz Floer homology, which we abbreviate by local eLRFH. Of particular importance in the argument is the invariance property of local eLRFH under Hamiltonian perturbations. We shall explain that given a one-parameter family of symmetric periodic orbits satisfying certain conditions, if (a multiple cover of) an orbit in the family becomes degenerate, then the invariance of local eLRFH of the degenerate orbit forces the family to undergo a bifurcation, i.e., new symmetric periodic orbits are born.
Statement of the results
2.1. Setup. Let N be a connected n-dimensional smooth manifold equipped with an involution f . Assume that the fixed point set Q := Fix(f ) ⊂ N is non-empty and connected. Define the smooth map ρ : T * N → T * N as
where d * f : T * N → T * N is the cotangent lift of f and I : T * N → T * N, (q, p) → (q, −p). It is easy to see that the map ρ is an exact anti-symplectic involution on T * N , namely, it satisfies ρ * λ = −λ, where λ = pdq is the standard Liouville one-form on T * N . Its fixed point set equals the conormal bundle of Q Fix(ρ) = N * Q := {(q, p) ∈ T * N | q ∈ Q, p ∈ T * q N, p, v = 0, ∀v ∈ T q Q}, which is a connected Lagrangian submanifold in (T * N, dλ). In particular, λ vanishes on Fix(ρ) which implies that the Lagrangian L is exact.
Let Σ ⊂ T * N be a fiberwise starshaped hypersurface which is invariant under ρ and is transverse to N * Q. Assume that the intersection L = Σ∩N * Q is non-empty. It follows that L is a Legendrian submanifold in the contact manifold (Σ, α), where α = λ| Σ is the restriction of λ to Σ. Let F : T * N → R be a Hamiltonian which is invariant under ρ such that Σ is a regular energy level set, say Σ = F −1 (0). In particular, every Hamiltonian orbit of F on Σ is a reparametrization of an orbit of the Reeb vector field R = R α associated to the contact form α.
Let (c, η) be a Reeb chord with endpoints in L, that is, c : [0, η] → Σ satisfieṡ
It is easy to check that ρ * R = −R, so that we have c(η) = ρ(c(0)). In view of the invariance of Σ under ρ we obtain another Reeb chord (c, η), defined by
Reeb chords come in pairs and there is a one-to-one correspondence between the sets of such pairs and of symmetric periodic orbits. We call a Reeb chord (c, η) simple if the associated symmetric periodic orbit (x c , 2η) is simple. If (x c , 2η) is the n-fold cover of (x c , 2 ), that is (x c , 2η) = (x n c , 2n ), associated to a simple Reeb chord (c, ), then we say that (c, η) is the n-fold cover of (c, ) and write (c, η) = (c n , n ).
2.2.
Bifurcations. We now look at several bifurcation scenarios of symmetric periodic orbits. Let F τ : T * N → R, τ ∈ (−ε, ε) be a smooth family of ρ-invariant Hamiltonians where ε > 0 is small. Assume that 0 is a regular value of F τ for every τ . Suppose further that every energy level Σ τ := F −1 τ (0) is fiberwise starshaped and transverse to N * Q and that Σ τ ∩ N * Q = ∅.
Let τ0] is uniformly isolated in the sense of Definition 3.8. See also Figure 4 . This means that we can take a neighborhood
is the unique symmetric periodic orbit on Σ τ whose image is contained in U 1 ∩ Σ τ and whose length is contained in U 2 .
The first bifurcation scenario we look at is the following. Below, the index µ is the Robbin-Salamon index with a global shift, see (3.3).
Theorem 2.1. Suppose that the family {(x cτ , 2η τ )} τ ∈(−ε,ε) of ρ-symmetric periodic orbits satisfies the following conditions.
• The sub-family {(x cτ , 2η τ )} τ ∈(−ε,0] is uniformly isolated.
• (c τ , η τ ) is non-degenerate for all τ = 0.
• (c 0 , η 0 ) is degenerate, and at τ = 0 the index µ(c τ , η τ ) changes.
Then there exists δ ∈ (0, ε) for which the following assertions hold.
(1) For each τ ∈ (0, δ), we find another ρ-symmetric periodic orbit (
is non-degenerate for every τ ∈ (−ε, ε) and for every m < n, then the ρ-symmetric periodic orbit (x dτ , 2σ τ ) obtained in (1) is simple for all τ ∈ (0, δ). Moreover, if we assume that all Reeb chords with image in Σ τ ∩ U 1 and with lengths in 0] , and that Σ τ is compact for all τ ∈ (0, δ), then there exists δ 0 ∈ (0, δ] such that there exist two geometrically distinct one-parameter families {(x dτ , 2σ τ )} τ ∈(0,δ0) and {(x d τ , 2σ τ )} τ ∈(0,δ0) of ρ-symmetric periodic orbits having the properties described in (1) and (2) . If µ(c τ , η τ ) = k for τ < 0 and µ(c τ , η τ ) = k + p with some non-zero integer p for τ > 0, then for every τ ∈ (0, δ 0 )
We make the following remarks on the hypothesis of Theorem 2.1.
(1) Since any two non-degenerate Reeb chords which are connected via a family of non-degenerate Reeb chords must have the same Robbin-Salamon index, the nondegeneracy condition above implies that the index µ(c τ , η τ ) is constant on the interval (−ε, 0) and the interval (0, ε), respectively. (2) The nondegeneracy of a Reeb chord (c, η) is equivalent to the nondegeneracy of (c, η). If they are non-degenerate, then their Robbin-Salamon indices coincide. (3) By definition of the Robbin-Salamon index, if the index changes by m, then we have m ∈ [−n + 1, n − 1], where n = dim N , see [28] .
Remark 2.3. One might take a closer look at a family {x 1,τ } of symmetric periodic orbits bifurcating from an original family {x 0,τ } and detect an index change along the associated family of Reeb chords. Proceeding in a similar way, one then finds a new family {x 2,τ } bifurcating from {x 1,τ }. Iterating this process one obtains a bifurcation tree in a given reversible Hamiltonian system. Since we have used a local method, we are not able to study global properties of bifurcation trees. In [18] Greene, MacKay, Vivaldi, and Feigenbaum provide a specific example for which they have found a period-doubling tree via a surface of section and describes the asymptotic behaviour of the tree. A geometric self-similarity of a bifurcation tree in some reversible systems is studied by Lamb and Roberts in [23] .
As an application of Theorem 2.1, we now look at bifurcations of symmetric periodic orbits from families of doubly symmetric periodic orbits. Namely, we study symmetry-breaking which can be observed in Hill's lunar problem as mentioned in the introduction. Assume that F τ : T * N → R, τ ∈ (−ε, ε) is a smooth family of Hamiltonians invariant under two commuting exact anti-symplectic involutions ρ 1 , ρ 2 and set Σ τ as before. Denote by L j,τ the associated (non-empty) Legendrian in Σ τ for j = 1, 2. A Reeb chord from L 1,τ to L 2,τ is a Reeb orbit c : [0, η] → Σ τ meeting the boundary condition c(0) ∈ L 1,τ , c(η) ∈ L 2,τ . Closing it up by means of ρ 1 , ρ 2 , we obtain a doubly symmetric periodic orbit of period 4η
be a family of doubly symmetric periodic orbits such that im(y τ ) ⊂ Σ τ for every τ . We choose a parametrization of each y τ such that y τ (0) ∈ L 1,τ (and hence y τ (η τ ) ∈ L 2,τ ) and
] is non-degenerate as a Reeb chord with endpoints in L 2,τ for all τ = 0, and the index µ(c 2,τ , 2η τ ) changes at τ = 0. Then there exists δ ∈ (0, ε) for which the following assertions hold.
(1) For each τ ∈ (0, δ), we find two additional ρ 2 -symmetric periodic orbits
where (c τ , τ )'s are simple Reeb chords with endpoints in L 2,τ such that (c m τ , m τ ) is non-degenerate for every τ ∈ (−ε, ε) and for every m < n, then the ρ 2 -symmetric periodic orbits (x dτ , 2σ τ ) and (ρ 1 • x dτ , 2σ τ ) are simple for all τ ∈ (0, δ). We assume further that all Reeb chords with image in Σ τ ∩ U 1 and with lengths in
, that Σ τ is compact for all τ ∈ (0, δ), and that µ(c 2,τ , 2η τ ) = k for τ < 0 and µ(c 2,τ , 2η τ ) = k + p with some non-zero integer p for τ > 0. Then there exists δ 0 ∈ (0, δ] such that there exist 2p one-parameter families
for j = 0, 1, . . . , p − 1 of ρ 2 -symmetric periodic orbits, but not ρ 1 -symmetric, having the properties described in (1) and (2) . For each j, we have µ(d j τ , σ j τ ) = k + j. Remark 2.5. One should be able to construct the local eLRFH associated to two commuting exact anti-symplectic involutions. In this case, one might look at bifurcations of doubly symmetric periodic orbits. This phenomenon is observed in the rotating Kepler problem, see Remark 2.10.
To state the next scenario, we turn to the case of a single exact anti-symplectic involution ρ. Theorem 2.6. Suppose that a family {(x cτ , 2η τ )} τ ∈(−ε,ε) of ρ-symmetric periodic orbits satisfies the following conditions.
• The Reeb chord (c 0 , η 0 ) is degenerate and all the other chords (c τ , η τ ), τ = 0, are non-degenerate.
• There exists another family
isolated. Then there exists δ ∈ (0, ε) satisfying that for each τ ∈ (0, δ), we find another ρsymmetric periodic orbit (x dτ , 2σ τ ) such that im(x dτ ) ⊂ Σ τ . It tends to (x c0 , 2η 0 ) as τ → 0 + , and assertion (2) of Theorem 2.1 holds. Moreover, if we assume that all Reeb chords with image in Σ τ ∩ U 1 and with lengths in 0] , and that Σ τ is compact for all τ ∈ (0, δ), then there exists δ 0 ∈ (0, δ] such that there exists a one-parameter family {(x dτ , 2σ τ )} τ ∈(0,δ0) of ρ-symmetric periodic orbits having the properties stated above.
In the last scenario we consider a family of symmetric periodic orbits that ends in a degenerate orbit.
be a family of ρ-symmetric periodic orbits satisfying the following conditions.
• The Reeb chord (c τ , η τ ) is non-degenerate for every τ ∈ (−ε, 0) and
T * N ×R such that for every τ > 0 sufficiently small, no symmetric periodic orbit on Σ τ has its traces in V . Then there exists δ ∈ (0, ε) such that for each τ ∈ (−δ, 0), we find another ρsymmetric periodic orbit (x dτ , 2σ τ ) such that im(x dτ ) ⊂ Σ τ . It tends to (x c0 , 2η 0 ) as τ → 0 − . Moreover, if we assume that all Reeb chords with image in Σ τ ∩ V 1 and with lengths in V 2 for τ ∈ (−δ, 0) are non-degenerate, and that Σ τ is compact for all τ ∈ (−δ, 0], then there exists δ 0 ∈ (0, δ] such that there exists a one-parameter
Remark 2.8. Theorem 2.7 holds in a more general situation: If {(c τ , η τ )} τ ∈(−ε,0) is a family of non-degenerate Reeb chords such that the family does not extend over 0 and such that the ω-limit set Ω ⊂ Σ 0 is isolated in the set of Reeb chords on Σ 0 , then we have the same conclusion as the theorem, see [7, Theorem B] . Note that Belbruno, Frauenfelder, and van Koert do not use the local eLFRH, but use an elementary method based on Floer's stretching method for time-dependent gradient flow lines, which does not require gluing.
2.3. Local eLRFH. In Section 3.1, we construct equivariant Lagrangian Rabinowitz Floer homology (eLRFH), based on ideas in [1, 10, 15, 27] . Basically, it is a Floer homology for the Z 2 -equivariant Rabinowitz action functional associated to a ρ-invariant defining Hamiltonian F for a contact hypersurface Σ. The critical points of the action functional correspond to ρ-symmetric periodic orbits in the contact hypersurface Σ = F −1 (0), more precisely,
For an isolated set F of critical points of the equivariant Rabinowitz action functional with common action value, we can define its local equivariant Lagrangian Rabinowitz Floer homology (local eLRFH). It is defined along a standard scheme of Floer theory, see for instance [8, 17, 26] , by taking an isolating neighborhood U of F in the sense of Section 3.2. Roughly speaking, we perform the same construction as for eLRFH, but only consider generators and differentials in U . A standard limiting argument in local Floer theory stated in Lemma 3.4 is crucial. We give a detailed description in Section 3.3.
In particular, if there is a degenerate chord in an isolated set of Reeb chords, then we need to perturb the Hamiltonian F slightly in a neighborhood U so that all Reeb chords in U are non-degenerate. Proposition 3.5 asserts that the local eLRFH is independent of the choice of perturbations of the Hamiltonian. This invariance is the main ingredient of the proof of the theorems.
2.4.
Outline of the proofs of the theorems. Let us outline the proof of Theorem 2.1 using the local LRFH. Consider a family of Reeb chords {(c τ , η τ )} τ ∈(−ε,ε) satisfying the hypothesis of Theorem 2.1. The set F = {(c 0 , η 0 ), (c 0 , η 0 )} then forms an isolated set of Reeb chords. Since (c τ , η τ ) is non-degenerate for τ = 0, we can regard the Hamiltonian F δ for δ < 0 with |δ| small enough as a perturbation of F 0 to define FH loc,Z2 *
In particular, FH loc,Z2 *
The invariance of FH loc,Z2 * ( U ; F τ ) (for small |τ | 1) under Hamiltonian perturbations in Proposition 3.5 then implies that for each sufficiently small δ > 0, the Z 2 -pair {(c δ , η δ ), (c δ , η δ )}, and hence the corresponding symmetric periodic orbit, cannot be isolated inside U since µ(c δ , η δ ) = µ(c −δ , η −δ ); otherwise, we could apply Proposition 3.7 to FH loc,Z2 * ( U ; F δ ) which results in a contradiction to the invariance. This means we must have another Reeb chord (c δ , η δ ) in Σ δ as asserted. The other two theorems are also proved using the invariance of the local eLRFH. Detailed proofs are given in Section 4.
2.5.
Example: the rotating Kepler problem. We provide an explicit example of a reversible Hamiltonian system, the rotating Kepler problem, in which the first bifurcation scenario described in Theorem 2.1 occurs. That such bifurcations occur in the rotating Kepler problem was already known before by computing all periodic orbits directly using elementary method, see for instance [4, 16, 22] . In this section, relying on a variety of well-known facts on the dynamics, we illustrate how our theorem applies to a concrete situation.
The describing Hamiltonian F :
which has a unique critical value τ = −3/2. The symplectic form is the standard one ω 0 = dp 1 ∧ dq 1 + dp 2 ∧ dq 2 and the Liouville one-form is λ 0 = p 1 dq 1 + p 2 dq 2 . For τ < −3/2, the regular energy level F −1 (τ ) consists of a bounded component Σ τ and an unbounded component. The bounded component Σ τ is fiberwise starshaped [6, 9] (actually, a stronger result holds: it is fiberwise convex). The contact form on Σ τ is the restriction of λ 0 . The projection K τ of Σ τ under the footpoint projection π :
} is the closed unit ball of radius r = r(τ ) minus the origin, where the radius r : (−∞, −3/2) → (0, 1) is strictly increasing. An interesting feature of this problem is that F is invariant under the family of exact antisymplectic involutions
For the sake of simplicity, we only consider
The associated Lagrangian is given by L = Fix(ρ 0 ) = {q 2 = p 1 = 0}, and the projection = π(L) is the q 1 -axis. For each τ < −3/2, the Lagrangian L intersects transversally the energy level Σ τ and the intersection is non-empty. We set L τ := L ∩ Σ τ . For each τ < −3/2, there exists a circular orbit on Σ τ , called the direct circular orbit, which rotates in the same direction as the coordinate system. Obviously
be the family of the simply covered direct circular orbits. We choose a parametrization of each x τ such that
the Reeb chord with endpoints in L τ and by (c n τ , nη τ ) the n-fold cover of (c τ , η τ ) which is the (half) Reeb chord associated to (x n τ , 2nη τ ). Fix N ≥ 1 and consider the family {(c N τ , N η τ )} τ ∈(−∞,−3/2) of N -covered Reeb chords. For any relatively prime integers k, l ∈ N with k > l such that k − l = N , there exists a unique energy level
such that the Reeb chord (c N τ k,l , N η τ k,l ) becomes degenerate and passing through it the Robbin-Salamon index jumps by one, see [4, Appendix B] and [24, Section 7.1] (recall from Remark 2.2 (3) that since we now have n = 2, the index can only jump by one). Since τ k,l = τ k,k−N is strictly increasing and converges to −3/2 as k → ∞, the energy levels at which (c N τ , N η τ ) gives birth to new Reeb chords are discrete. Hence we find ε = ε(k, l) > 0 sufficiently small such that the other Reeb chords Section 7] or [22, Section 3.4] . By the assertion (1) of Theorem 2.1, we find additional ρ 0 -symmetric (simply covered) periodic orbits y k,l τ for all τ > 0 small enough, bifurcating from x N τ k,l . In fact, they are non-degenerate and form a one-parameter family of ρ 0 -symmetric periodic orbits, see [16, Section 8.4 ] and [4, 22] . See also Figure 1 . Therefore, we find another family of ρ 0 -symmetric periodic orbits {ρ π/2 • y k,l τ } bifurcating from x N τ k,l , since ρ 0 and ρ π/2 commute. Indeed, it is easy to check that ρ ϑ1 • ρ ϑ2 = ρ ϑ2 • ρ ϑ1 if and only if ϑ 1 ≡ ϑ 2 + π/2 mod π. Note that ρ π/2 (q 1 , q 2 , p 1 , p 2 ) = (−q 1 , q 2 , p 1 , −p 2 ) and hence the projected images of {y k,l τ } and {ρ π/2 •y k,l τ } to the q-plane are mapped to each other by the reflection with respect to the q 2 -axis. See Figure 2 . Remark 2.9. The preceding discussion holds for every pair ϑ 1 = ϑ 2 ∈ [0, π] such that ϑ 1 ≡ ϑ 2 + π/2 mod π. In this way, for each coprime k > l with N = k − l, one finds an S 1 -family of symmetric periodic orbits, with prescribed initial conditions, bifurcating from the N -fold covered direct circular orbits (x N τ , 2N η τ ) at τ = τ k,l . Forgetting the symmetries, this provides a T 2 -family of (parametrized) periodic orbits born out of (x N τ , 2N η τ ) at τ = τ k,l , which is referred to as the T k,l -family, see [4, 22] . Remark 2.10. As mentioned in Remark 2.5, we now observe bifurcations of doubly symmetric periodic orbits in the rotating Kepler problem. Consider the family {(x τ , 2η τ )} τ ∈(−∞,−3/2) of the direct circular orbits as before, which are invariant under ρ 0 and ρ π/2 . We choose a parametrization of each x τ such that x τ (0) ∈ L τ,0 and 
where τ k,l is defined as (2.1). If these conditions are fulfilled, then a new family of doubly symmetric periodic orbits is born. For example, if (k, l) = (3, 1), then bifurcations of symmetric periodic orbits occur at τ = τ 3,1 as above, but not bifurcations of doubly symmetric periodic orbits, since the last condition of (2.2) is not satisfied. Suppose that (W 0 , λ 0 ) is equipped with an exact anti-symplectic involution ρ 0 . The hypersurface Σ admits the contact form α := λ| Σ and the anti-contact involution ρ Σ := ρ 0 | Σ , meaning that ρ * Σ α = −α. We extend ρ 0 to the exact anti-symplectic involution ρ on (W, λ) by
Denote by R = R α the associated Reeb vector field and by φ t R the Reeb flow. We assume that the fixed point set L = Fix(ρ) of ρ is non-empty and connected and that the intersection L = L ∩ Σ is non-empty. It follows that L is an exact Lagrangian submanifold of (W, λ) and that L is a Legrendrian submanifold of (Σ, α).
A In this section we assume that the contact form α is non-degenerate, that is, every Reeb chord is non-degenerate.
By a defining Hamiltonian for Σ we mean a ρ-invariant Hamiltonian F : W → R such that Σ = F −1 (0) is a regular energy level and X F | Σ = R α . Here the Hamiltonian vector field X F is defined by ω(X F , ·) = −dF . Its flow is denoted by φ t F . Since Σ splits W into a bounded and an unbounded component, we can modify Since we have assumed that α is non-degenerate, A F,N is Morse.
Remark 3.1. In the sprit of the ordinary Rabinowitz action functional [10] , one can consider A F,N : P × R × S N → R by replacing (0, ∞) with R. In this case, the functional is Morse-Bott due to the presence of critical points with η = 0, and hence one has to take up Morse-Bott approach to define the homology. Since only non-constant Reeb chords are considered in this paper, we will stick to our functional.
The map ρ induces the involution on P × (0, ∞) × S N R(c(t), η, z) = ρ(c(1 − t)), η, −z .
Since this R-action is free and A F,N is R-invariant, we obtain the equivariant Rabinowitz action functional A F,N : Ω → R on the quotient space Ω := (P × (0, ∞) × S N )/R, given by A F,N ([c, η, z]) = A F,N (c, η, z). This functional is Morse as well.
A 
Given J ∈ J N ρ , we obtain the R-invariant L 2 -metric on P × (0, ∞) × S N , coupled with the standard inner product on (0, ∞) and the round metric g N on S N , 
meeting the following finiteness condition: for every κ ∈ R,
Fix p ± = (c ± , η ± , z ± ) ∈ crit( A F,N ). The space of (positive) gradient flow lines M(p − , p + ) of A F,N from p − to p + with respect to the metric (3.1) consists of solutions This space admits the free Z 2 -action induced by R:
(c(s, t), η(s), z(s)) → (ρ(c(s, 1 − t)), η(s), −z(s)).
The quotient space M Z2 (P − , P + ) is called the moduli space of gradient flow lines from P − to P + . For a generic choice of J and g N this moduli space is a smooth manifold, see for example [1] . For two critical points P ± ∈ crit(A F,N ), compactness results established in [10, 27] show that the zero-dimensional component M 0 Z2 (P − , P + ) of the moduli space M Z2 (P − , P + ) is a finite set. We set ν(P − , P + ) ≡ #M 0 Z2 (P − , P + ) modulo two. The equivariant Rabinowitz Floer differential ∂ J,g N : FC(F, h N ) → FC(F, h N ) is then defined as the linear extension of
A standard argument shows that ∂ J,g N •∂ J,g N = 0. The resulting homology FH(F, h N ) does not depend on the choice of (F, h N , J, g N ) by the usual continuation argument. We then obtain canonical homomorphisms
using the following data:
• The inclusion i N :
for z ∈ S N . These homomorphisms commute with the continuation maps, so that we can take the direct limit
which is referred to as the equivariant Lagrangian Rabinowitz Floer homology of the hypersurface Σ in W .
3.1.1. The case of cotangent bundles. One can define a grading on the equivariant Lagrangian Rabinowitz Floer homology groups, but it is in general not globally welldefined. For cotangent bundles, however, there exists a so-called vertical preserving symplectic trivialization, see [2, 3] , which enables us to define a well-defined global grading.
We recall the setup in Section 2. Let N be a closed and connected n-dimensional smooth manifold equipped with an involution f , whose fixed point set Q = Fix(f ) ⊂ N is non-empty and connected. The involution f induces the exact anti-symplectic involution ρ on (T * N, λ), and its fixed point set is given by the conormal bundle N * Q of Q in T * N , which is a connected exact Lagrangian submanifold. Let Σ ⊂ T * N be a ρ-invariant fiberwise starshaped hypersurface which is transverse to N * Q. Abbreviate L = Σ ∩ N * Q, which is assumed to be non-empty.
For a non-degenerate Reeb chord (c, η) on Σ with endpoints in L, we define the index µ(c, η) as
where µ RS denotes the Robbin-Salamon index, see [28] . 
Therefore, if |P + | − |P − | = 1, then M Z2 (P − , P + ) is a compact zero-dimensional manifold and hence a finite set. We define the boundary operator by counting the elements in this space module two and obtain a graded Floer homology group FH * (F, h N ). In this case, the canonical homomorphisms ι N : FH * (F, h N ) → FH * (F, h N +1 ) respects the grading. The rest of the construction of the equivariant Lagrangian Rabinowitz Floer homology groups is word-for-word identical to the general case.
Remark 3.2. Our grading differs from the one in [27] for Lagrangian Rabinowitz Floer homology of cotangent bundles by a global shift.
Local non-equivariant Lagrangian Rabinowitz Floer homology.
In this section, we work locally near a given Reeb chord. Let (W, λ) be an exact symplectic manifold and let Σ be a hypersurface in W that is of contact type with respect to a contact form α := λ| Σ . We do not assume that α is non-degenerate. Suppose that L is a non-empty connected exact Lagrangian submanifold in W such that it intersects Σ transversally and the intersection L = L ∩ Σ is a non-empty Legendrian submanifold in Σ. Consider the (non-equivariant) Rabinowitz action functional A F : P ×(0, ∞) → R given by A (possibly disconnected) subset F of crit(A F ) is called isolated if there is an open neighborhood U of im(F) in W × (0, ∞) such that the closure U is compact and U ∩ im(crit(A F )) = im(F). We call U an isolating neighborhood of F. Without loss of generality we may assume that
for some open sets U 1 ⊂ W and U 2 ⊂ (0, ∞). Now we define the local nonequivariant Lagrangian Rabinowitz Floer homology RFH loc (F) of F. Intuitively, this is the Floer homology associated to the local Rabinowitz action functional
In our construction below, we follow [8, 17, 26] , where more standard local Floer homologies are constructed.
We begin with the following crucial lemma, which can be proved by a slight modification of the proof of [8, Lemma 2.1] by applying the compactness result [10, Theorem 3.1]. Lemma 3.3. Let F be an isolated subset of crit(A F ) and U = U 1 × U 2 an isolating neighborhood of F. Suppose that all Reeb chords in F have the common length η F . Let F ν and J ν be sequences of Hamiltonians converging to F and of dλ-compatible almost complex structures converging to a dλ-compatible almost complex structure J in the C ∞ -topology, respectively. Then for any neighborhood
is a gradient flow line of A Fν (with respect to the L 2 -metric induced by (J ν , g N )) connecting critical points (c ± , η ± ) ∈ crit(A Fν ) such that im(c ± ) × {η ± } ⊂ U , then im(c,η) ⊂ V .
Let F ⊂ crit(A F ) be an isolated subset such that all Reeb chords in F have the common length η F . Choose an isolating neighborhood U = U 1 × U 2 of F and a smaller neighborhood V = V 1 × V 2 ⊂ U of im(F) such that V ⊂ U . Now take a HamiltonianF : W → R with the following properties.
(1) On U 1 , the HamiltonianF is C 2 -close to F .
(2)Σ :=F −1 (0) ∩ U 1 is a contact-type regular hypersurface, (3) L intersectsΣ transversally, (4) λ|Σ is non-degenerate.
Here we made use of [10, Theorem B.1] and the fact that the contact-type and transversality conditions are open.
The local Rabinowitz Floer chain group FC loc (U ;F ) is defined as the Z 2 -vector space generated by the critical points of crit(AF U ), i.e., Since the Lagrange multipliers of crit(AF U ) are uniformly bounded, we do not use the Novikov-type coefficients as in the previous section. For a generic J, the local Rabinowitz Floer differential is called the local Rabinowitz Floer homology of F. By a usual continuation argument, which requires a parametrized version of Lemma 3.3, the homology does not depend on the choice of (U, V,F , J).
3.3.
Local equivariant Lagrangian Rabinowitz Floer homology. As in the previous section, (W, λ) is an exact symplectic manifold and Σ is a hypersurface in W that is of contact type with respect to a contact form α := λ| Σ . We again do not assume that α is non-degenerate. Assume that (W, λ) admits an exact antisymplectic involution ρ. The restriction ρ| Σ is an anti-contact involution on (Σ, α). Assume further that the fixed point set L = Fix(ρ) is non-empty and connected, so that L is an exact Lagrangian submanifold in (W, λ). The intersection L = L ∩ Σ is then a Legendrian submanifold in (Σ, α), and we also assume that L is non-empty. Suppose that F : W → R is a defining Hamiltonian for Σ which is ρ-invariant. The functional A F,N : P × (0, ∞) × S N → R is defined in the same way as in Section 3.1. We say that c(1 − t) ), η) on P × (0, ∞). Such an F gives rise to an R-invariant subset F := F × crit(h N ) ⊂ crit( A F,N ).
Let F be an isolated subset of crit(A F ) that is
Any Z 2 -invariant isolating neighborhood U of F gives rise to an R-invariant isolating neighborhood U := U × S N for F = F × crit(h N ). The following lemma is immediate from Lemma 3.3. Lemma 3.4. With the notation from Lemma 3.3, for any Z 2 -invariant neighborhood V = V 1 × V 2 of F whose closure is contained in U , there exists ν 0 1 such that for ν ≥ ν 0 we have
is a gradient flow line of A Fν ,N (with respect to the metric induced by
Let F = F × crit(h N ), U , and V be as in the previous lemma. Considering the local action functional
we shall define RFH loc,Z2 ( F) for F. The construction is exactly as in Section 3.2:
We take a ρ-invariant HamiltonianF : W → R, which is a C 2 -small perturbation of F on U 1 , satisfying properties (1)-(4) given in Section 3.2 and assume that the pair (h N , g N ) is Morse-Smale.
The equivariant local Rabinowitz Floer chain group FC loc,Z2 ( U ;F , h N ) is defined as the Z 2 -vector space generated by the critical points of AF ,Ñ U . Choose a generic J which is ρ-anti-invariant. The local equivariant Rabinowitz Floer differential
is defined by counting rigid elements in the moduli spaces of those gradient flow lines that are contained inŨ . By Lemma 3.4, the differential ∂ loc,Z2,J,g N is welldefined and a standard argument shows that ∂ loc,Z2,J,g N • ∂ loc,Z2,J,g N = 0. As in Section 3.1 we have canonical homomorphisms ι N : FH loc,Z2 ( U ;F , h N ) → FH loc,Z2 ( U ;F , h N +1 ) and the associated direct limit
is independent of the choice of (U, V,F , h N , J, g N ) by a continuation argument. The homology RFH loc,Z2 ( F) := FH loc,Z2 ( U ;F ) is referred to as the local equivariant Lagrangian Rabinowitz Floer homology of F. In particular, we have the following invariance property. See [10, p. 275 ] for details.
Proposition 3.5. We have a canonical isomorphism
for any twoF 0 ,F 1 satisfying properties of (1)-(4) given in Section 3.2.
Remark 3.6. In the case that FH loc,Z2 * is equipped with a Z-grading, the above isomorphism respects the grading.
From now on, we restrict our setup to the case W = T * N equipped with the Liouville 1-form λ, where N is an n-dimensional smooth manifold. By the discussion in Section 3.1.1, the local eLRFH admits a Z-grading. The following proposition tells us that if F consists of exactly one Z 2 -pair of Reeb chords, then RFH loc,Z2 * ( F) has only one generator, whose index is given by the index of the Reeb chord. Since the chain complex (FC loc,Z2 * (Ũ ;F , h N ), ∂ loc,Z2 * ) is canonically identified with the Morse chain complex associated to the pair (h N , g N ) up to degree shift by µ(c, η), the homology FH loc,Z2 * ( U ; F, h N ) has exactly two generators with indices µ(c, η) and µ(c, η) + N . Taking the direct limit with respect to N → ∞, we obtain the desired result.
Consider a family of Hamiltonians F τ , τ ∈ R. We assume that Σ τ := F −1 (τ ) is a regular hypersurface which is of contact-type for all τ ∈ (−ε, ε) for some ε > 0. We conclude this section with providing the following definition. We are in position to prove the theorems and the corollary stated in Section 2.2.
Proof of Theorem 2.1 . Since {(x cτ , 2η τ )} τ ∈(−ε,0] is uniformly isolated, we find an open set U = U 1 × U 2 ⊂ T * N × (0, ∞) which is an isolating neighborhood of {(c τ , η τ ), (c τ , η τ )} for all τ ∈ (−ε, 0]. This in particular implies that for any τ ∈ (−ε, 0], we have crit(A Fτ U ) = {(c τ , η τ ), (c τ , η τ )}. By Proposition 3.7, for all τ ∈ (−ε, 0) close enough to 0 we obtain that
We claim that there exists ε 0 > 0 with the following property: for all 0 < τ < ε 0 , there exists a ρ-symmetric periodic orbit (x dτ , 2σ τ ) different from (x cτ , 2η τ ). Assume to the contrary that there exists a sequence τ ν → 0 + such that for all ν ∈ N we have crit(A On the other hand, in view of Proposition 3.7, for ν large enough we find that
Due to the hypothesis that µ(c −δ , η −δ ) = µ(c τν , η τν ), identities (4.1) and (4.2) yield a contradiction and this proves the claim. It follows that there exists δ > 0 small enough such that we obtain an additional pair of (possibly degenerate) Reeb chords {(d τ , σ τ ), (d τ , σ τ )} τ ∈(0,δ) whose associated symmetric periodic orbits (x dτ , 2σ τ ) differ from (x cτ , 2η τ ). Since one can choose U as small as one likes, it follows that the symmetric periodic orbits (x dτ , 2σ τ ) tend to (x c0 , 2η 0 ) as τ → 0 + . This proves the first assertion of the theorem.
To prove the second assertion, assume that there exists a family of pairs of simple Reeb chords {(c τ , τ ), (c τ , τ )} τ ∈(−ε,ε) such that (c τ , η τ ) = (c n τ , n τ ) for some n and such that (c m τ , m τ ) is non-degenerate for every τ and for every m < n. Suppose that for each τ ∈ (0, δ) we have (d τ , σ τ ) = (d p τ , ps τ ) for some p > 0, where (d τ , σ τ ) is the Reeb chord obtained in the first assertion and (d τ , s τ ) is some simple Reeb chord.
This, however, implies that the family {(x dτ , 2s τ )} τ ∈(0,δ) is born out of the family
, which contradicts the condition on the minimality of n. This proves the second assertion.
To conclude the proof, we now assume that Σ τ is compact for every τ ∈ (0, δ) and that all Reeb chords with image in Σ τ ∩ U 1 and with lengths in U 2 for τ ∈ (0, δ) are non-degenerate. We claim that there exists δ 0 ∈ (0, δ] such that for all τ ∈ [0, δ 0 ) we have im(crit(A Fτ )) ∩ ∂U = ∅. Recall that the closure U of U is compact. Arguing by contradiction we assume that there is no δ 0 ∈ (0, δ] having the property of the claim. Then we find a sequence τ ν ∈ (0, δ) such that τ ν → 0 + as ν → ∞ and a sequence (c τν , η τν ) ∈ crit(A Fτ ) satisfying (im(c τν ) × {η τν }) ∩ ∂U = ∅. It follows that there exists a sequence t ν ∈ [0, 1] such that (c τν (t ν ), η τν ) ∈ ∂U . Thanks to the compactness of U and of the hypersurfaces Σ τ , we are able to apply the Arzelà-Ascoli theorem to find t 0 ∈ [0, 1] and (c 0 , η 0 ) ∈ crit(A F0 ) different from (c 0 , η 0 ) such that (c τν (t ν ), η τν ) → (c 0 (t 0 ), η 0 ) ∈ ∂U as ν → ∞. This contradicts to the property of U that U ∩ im(crit(A F0 )) = im(c 0 ) × {η 0 } and proves the claim.
We fix τ 0 > 0 small enough and let (d τ0 , σ τ0 ) be a Reeb chord on Σ τ obtained by the first assertion. Since it is non-degenerate, making use of the implicit function theorem, see for example, [21, Proposition 2, page 110] or [5, Proposition B.1], we find τ −∞ ∈ [0, τ 0 ) such that (d τ0 , σ τ0 ) extends to a maximal one-parameter family {(d τ , σ τ )} τ ∈(τ−∞,τ0] such that for each τ ∈ (τ −∞ , τ 0 ] the pair (d τ , σ τ ) is a non-degenerate Reeb chord on Σ τ . In view of the previous claim, each im(d τ ) is confined to Σ τ ∩ U 1 . It follows from the hypothesis that all these Reeb chords are non-degenerate and τ −∞ = 0.
Consider the ω-limit set Ω of the family {(d τ , σ τ )} τ ∈(0,τ0] . By definition, Ω consists of Reeb chords (v, ζ) on Σ 0 such that there exists a sequence τ ν ∈ (0, τ 0 ] having the properties that τ ν → 0 and (d τ , σ τ ) → (v, ζ) as ν → ∞. [7, Theorem A] tells us that Ω is nonempty, compact, and connected. However, the degenerate chord (c 0 , η 0 ) is the only Reeb chord with image in Σ 0 ∩ U 1 and with lengths in U 2 , and hence we have Ω = {(c 0 , η 0 )}.
We have found a one-parameter family {(x dτ , 2σ τ )} τ ∈(0,δ0) of ρ-symmetric periodic orbits, with δ 0 > 0 small enough, born out of the family {(x cτ , 2η τ )} τ ∈(−ε,ε) .
Suppose that µ(c τ , η τ ) = k for τ < 0 and µ(c τ , η τ ) = k + p for some p ∈ [− dim N + 1, dim N − 1] \ {0} for τ > 0, see Remark 2.2. As above, if κ > 0 is small enough, then we have This tells us that for τ > 0 sufficiently small, we need at least two Reeb chords: one (d τ , σ τ ) with index k is the generator of FH loc,Z2 * ( U ; F κ ) and the other (d τ , η τ ) satisfying one of the following • It has index k + p − 1 and is killed by (c τ , η τ ) in the construction of FH loc,Z2 * ( U ; F κ ). • Its index is k+p+1 and it kills (c τ , η τ ) in the construction of FH loc,Z2 * ( U ; F κ ). This proves the third assertion and finishes the proof of the theorem.
Proof of Corollary 2.4. Applying Theorem 2.1 to the family {(y τ , 4η τ )} τ ∈(−ε,ε) by regarding it as a family of ρ 2 -symmetric periodic orbits, we find new ρ 2 -symmetric periodic orbits (x dτ , 2σ τ ) for all τ ∈ (0, δ) and some small δ > 0. We observe that each (x dτ , 2σ τ ) is not ρ 1 -symmetric. Indeed, assume that it is ρ 1 -symmetric. Since the Reeb chord c 1,τ is non-degenerate for all τ ∈ (−ε, ε), no bifurcation of ρ 1 -symmetric periodic orbits occurs. Hence we must have x dτ = y τ which is a contradiction. It follows from the invariance of F under ρ 1 that there has to be another ρ 2 -symmetric periodic orbit (ρ 1 • x dτ , 2σ τ ) for τ ∈ (0, δ) by applying the ρ 1 -symmetry.
Assume that all Reeb chords with images in Σ τ ∩ U 1 and with image in U 2 for τ ∈ (0, δ) are non-degenerate, that Σ τ is compact for all τ ∈ (0, δ), and that µ(c 2,τ , 2η τ ) = k for τ < 0 and µ(c 2,τ , 2η τ ) = k + p for τ > 0, where p ∈ [− dim N + 1, dim N − 1] \ {0}. We in particular have (4.3). In the following we only consider the case that p is positive. The case that p is negative can be proved in a similar way. As in the proof of Theorem 2.1, there must be a family of Reeb chords {(d 0 τ , σ 0 τ )} τ ∈(0,δ) such that µ(d 0 τ , σ 0 τ ) = k for all τ ∈ (0, δ). In view of the presence of the ρ 1 -symmetry, we obtain the family {(ρ 1 • d 0 τ , σ 0 τ )} τ ∈(0,δ) whose elements have index equal to k as well. Since the local eLRFH has a single generator in degree k, there must be another family {(d 1 τ , σ 1 τ )} τ ∈(0,δ) with index k + 1 and again by the ρ 1 -symmetry, we also find the family {(ρ 1 )} τ ∈(0,δ) with index k + p − 1. One of them kills one of two families of Reeb chords with index k + p − 2 and the other is killed by (c 2,τ , 2η τ ) which has index k + p, see Figure 5 .
The proofs for the remaining assertions are almost identical to the proofs of the corresponding assertions in Theorem 2.1.
Proof of Theorem 2.6. Arguing as above, if (x cτ , 2η τ ) were the unique symmetric periodic orbit with image in U 1 and with lengths in U 2 for all τ > 0 small enough, then the local eLRFH would be a one-dimensional vector space. But for τ < 0 the local eLRFH is either trivial or two-dimensional. This contradiction shows the existence of an additional family {(x dτ , 2σ τ )} τ ∈(0,δ) of symmetric periodic orbits for some δ > 0 small enough, which proves the first assertion. The remaining proof (c 2,τ , 2η τ ) is almost identical to the proof of Theorem 2.1. This completes the proof of the theorem.
Proof of Theorem 2.7. As in the previous proof, we only prove the first assertion.
If (x cτ , 2η τ ) were the unique symmetric periodic orbit with image in in U 1 and with lengths in U 2 for each τ < 0 close enough to 0, then the local eLRFH would be a one-dimensional vector space. But this is not the case since the third hypothesis on the family {(x cτ , 2η τ )} τ ∈(−ε,0] shows that the local eLRFH is trivial for τ > 0. Therefore, we find another family {(x dτ , 2σ τ )} τ ∈(−ε ,0] of ρ-symmetric periodic orbits for some ε ∈ (0, ε] such that (x d0 , 2σ 0 ) = (x c0 , 2η 0 ). This finishes the proof of the theorem.
